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The collective effects of two heteroatoms on the total rn-electron energy, resonance energy and
charge distribution of alternant conjugated molecules are examined. Three general rules for the signs
of these effects are formulated. All these rules are shown to have a common origin and are conse-
quences of certain mathematical properties of graph propagators.

In our previous investigations of the topological
properties of heteroconjugated molecules [1-5] we
have been mainly concerned with the effects caused by
a single heteroatom. Exceptionally, in [5] we studied
the effect of two heteroatoms, whose electronegativi-
ties relative to sp2-carbon are equal in magnitude and
opposite in sign.

From first glance, heteroconjugated molecules with
more than one heteroatom are not worth additional
consideration because the total effect of the het-
eroatoms is expected to be simply the superposition of
individual effects. We intend to demonstrate in this
paper that such a viewpoint needs to be slightly mod-
ified. The sum of the individual effects differs from the
total effect by a certain amount which we interprete as
the result of a collective (i.e. simultaneous) influence of
several heteroatoms.

The reason for communicating these results now (a
good nine years after they were actually obtained) is
the appearance of the book [6] in which the concept of
graph propagators has been introduced. As will be-
come evident later on, literally all results on hetero-
conjugated systems with two heteroatoms outlined in
the present paper are connected with graph propaga-
tors and are consequences of certain mathematical
properties thereof.

Relevant details of the MO theory of heteroconju-
gated molecules can be found in the book [7].

Notation

We shall mainly use the same notation and termi-
nology as in [3]. Thus the parent hydrocarbon of the
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heteroconjugated system considered is represented by
a graph G. Since we examine alternant conjugated
systems, G is assumed to be bipartite. The number of
vertices of G is denoted by n whereas ¢ (G, x)=¢(G)
stands for the respective characteristic polynomial.
(Note that in [3] the characteristic polynomial was
denoted by P.)

The two heteroatoms are associated with the ver-
tices r and t. Thus the resulting graph G™ possesses
two self-loops on the vertices r and ¢; their weights are
h, and h,, respectively [7, 8]. Then the characteristic
polynomial of G™ conforms to the identity

¢(G")=(G)—h, p(G—r)—h, ¢(G—1)
+h h, $(G—r—1), 1)

where G —r denotes the subgraph obtained by delet-
ing from G the vertex r; the meaning of G—t and
G —r—t is analogous.

We introduce an auxiliary graph invariant (G) re-
lated to the characteristic polynomial via

(G)=i""¢(G, ix), 2

where i=./ —1. If G is a bipartite graph then (G) has
the following two important properties:

(i) Considered as a function of the variable x, (G) is
a monic polynomial of degree n all the coefficients of
which are non-negative integers.

(ii) If n is even then (G) is an even function of x. If
n is odd then (G) is an odd function of x.

By use of definition (2), (1) is easily transformed into

(G")=(G)+ih(G—r)+ih(G—1)
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Denote by (G, x)=a(G) the matching polynomial
of G [9] and introduce another graph invariant [G]:

[G]l=i"" (G, ix). (4)

The basic properties of [G] are completely analogous
to that of (G):

[i] Considered as a function of the variable x, [G] is
a monic polynomial of degree n, all the coefficients of
which are non-negative integers.

[ii] If n is even then [G] is an even function of x.
If n is odd then [G] is an odd function of x.

Furthermore, in parallel to (1) and (3) we have

2(G™")=0(G)—h,a(G—r)—h,a(G—1)

+h, ha(G—r—10), )
[G")=[G]+i h,[G—r]+i h,[G—1]

—h, h,[G—r—1]. (6)

Recall that [i] and [ii] hold for arbitrary graphs G
whereas (i) and (ii) apply only to bipartite graphs.

Graph Propagators

As already mentioned, the concept of graph propa-
gators seems to have been invented by Merrifield and
Simmons and first publicized in their outstanding
book [6]. They defined the propagator for the number
of independent-vertex sets of a graph. We extend their
idea and slightly modify it so as to apply to an arbi-
trary graph invariant.

Let I(G) be a graph invariant associated with the
graph G. Let u and v be two distinct vertices of G. Then
the quantity

Yur(G) =74 (G )=1(G—u) I(G
—1(G) I(G—u—v)

—v)

will be called the propagator of the graph G (corre-
sponding to I) or more precisely the (u, v)-element of
the propagator matrix.

In this work we are interested in the propagators
corresponding to the characteristic and matching
polynomials as well as to the polynomials (G) and [G].
The reason for this are the two identities

d(G—u)p(G—1v)—(G)p(G—u—0v)= { O(G— W)}z
and (7)
2(G—u) 2(G—v)—2(G) a(G—u—0v)=Y {a(G—W)}2.

" 8)
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The right-hand side summations in (7) and (8) go over
all paths of the graph G which connect the vertices u
and v (for an illustrative example see [3]). Formula (7)
is in an implicit form contained in the paper [10] of
Coulson and Longuet-Higgins (for details see [3]).
Formula (8) was discovered by Heilmann and Lieb
[11].

By means of (2) and (4) the above relations are
transformed into

(G~u)(G—v)—(G)(G—u—v)=(—1)‘”""”{2 (G= W)}Z
©)

(— 1)1y [G— W),
" o)

and

([G—u] [G—v]-[G][G—u—v]=

where d(u, v) is the distance between the vertices u
and v. We used the fact that in bipartite graphs the
number of vertices in all paths connecting the vertices
u and v has the same parity as d(u, v)—1.

In what follows the propagators (G—u)(G—v)
—(G)(G—u—v) and [G—u][G—v]—[G][G—u—v]
will be denoted by (y,,) and [y,,], respectively. From
(9) and (10) we immediately see that the signs of (y,,)
and [y,,] depend exclusively on the distance between
the vertices u and v, namely

)d (u, v)

Slgn (Vur) = Slgn [.}Yul‘] = ( —1 (1 1 )

Collective Effect of Two Heteroatoms
on Total n-Electron Energy

In order to measure the collective effect of two het-
eroatoms on the total n-electron energy of a conju-
gated molecule, we have to compare the energies of
the systems G" U G and G" U G".

Evidently, E(G" U G)=E(G")+E(G) whereas
E(G" U G"Y=E(G")+ E(G"). If there were no interac-
tion between the heteroatoms r and ¢, then these two
energies would be equal. Their difference is given by

[2, 13]
) $GLiING, i\ (GG
b= <l°g 9(G, 1) $(G. ix)> - <l°g @) (G'>>’ "

+
where (F) is an abbreviation for (1/n) | F(x)dx.

We note in passing that formula (12) is obtained by
using the contour integral method invented by Coul-
son in 1940 [14]; for details see [15].
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G U G

Using the relations [1, 2]

$(G)=¢(G)—h; $(G—A),
(GH=(G)+i h;(G—A),

A=r,t

and the fact that AE is a real-valued quantity we
obtain
AE =3 (log{[1+h, h,(,) {(G)*~h, h,(G~r) (13)
(G=t} X P +{h(G—r)+h(G—1)}> X 2}).
where
X={(G~h, h(G—1) (G—1)}*+{h,(G~1)
+h,(G—1)}>.
For large values of x the function X behaves as (G)*,
ie. as x*". Therefore the integrand in (13) may be
simplified by using the approximation log(1+y)=xy.
This results in
AE=AE,+ AE,,
where
AE, =h, h,{(3,) {(G)* —h, h(G—1) (G—1)} X~ 1),
AE; = 3{{h, h,(y,)}* {(GY* —h, h(G—1) (G—1)}’X 2
+{h(G—1)+h,(G—1)}> X2},

Note that AE, is necessarily positive because its
integrand is a positive-valued function. The integrand
in AE, behaves asymptotically as h, h,(y,,)(G) >
whereas the integrand in 4E, is roughly proportional

to {h, h,(y,,)}*(G)~*. Therefore AE, is much smaller
than |4E,|. Besides, because of (11),

sign AE, =(—1)'"" sign(h, h,).
We are now prepared to formulate our first general

rule.

Rule 1. The dominant term in the collective effect of
two heteroatoms on the total n-electron energy (4E,)
is positive if

(a) h, and h, have equal signs and the distance be-
tween the heteroatoms is even, or
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G U G

(b) h, and h, have different signs and the distance
between the heteroatoms is odd.

In all other cases 4E; is negative.

We wish to remind that positive contributions to
the total n-electron energy increase the thermodynamic
stability of the respective heteroconjugated molecule;
negative-valued contributions act in the opposite di-
rection.

Collective Effect of Two Heteroatoms
on Resonance Energy

In line with the arguments given in the previous
section we consider here the difference ARE between
the resonance energies of G" U G and G" U G'. We
employ the “topological” resonance energy (TRE)
model [16—18], according to which

ARE=AE— AE*,

where AE is given by (12) whereas AE* satisfies an
analogous relation [15, 16]:
[G"] [G]>

ae*<{ 1o a(G",ix) a(G,ix)\ o
T\ a6 inaGin/ T\ 61161
Consequently AE* is the collective effect of the two

heteroatoms on the energy of the reference structure.
Bearing in mind (5), (6) and

a(GH=a(G)—h; a(G— 1),
[G1=[Gl+ih,[G—1],

A=r,t,
we conclude that AE* must have a form analogous to
(13), namely
AE* = 3 (log{[1 +h, h,[y, ] {[G)* —h, h,[G—1]
(G-t} YR+ {h[G—rl+h[G—0)? Y2,
where
Y={[GP~h, h[G—r1[G—1]}*+{h,[G~1]
+h,[G—1]}>.
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As a good approximation
AE*=AE¥+ AE%,
where
AEY=h,h,[,] {{GF —h, h[G—r] [G—1]}Y ~1),
AE3 = 1, h [y, ]} (G —h, h[G—r] [G—1)}> ¥ 2
+{h[G—r]+h[G—1]}* Y ?}).

The previous conclusions about the sign and magni-
tude of 4E, and 4E, can be simply extended to 4E¥
and AE%, respectively. In particular, AE% < |4E¥| and

sign AE¥=(—1)'""sign(h, h,).

Rule 2. The dominant term in the collective effect of
two heteroatoms on the energy of the reference struc-
ture in the TRE model (4E¥) is positive in precisely
the same cases as 4E; (see Rule 1).

Because TRE is the difference between the total
n-electron energy of the molecule considered and the
energy of the respective reference structure [14, 16],
the effects described in Rules 1 and 2 will cancel each
other (although not completely). As a consequence the
collective effect of two heteroatoms on the “topologi-
cal” resonance energy (4ARE) is much smaller than
the effects on both the total energy (4E) and the refer-
ence energy (4E*) and is probably of no chemical
significance. In other words, the expression TRE(G")
+ TRE(G")— TRE(G) is a reasonably good approxi-
mation for the resonance energy of a heteroconju-
gated molecule with two heteroatoms.

Collective Effect of Two Heteroatoms
on n-Electron Charge Distribution

In this section we examine the n-electron charge Q,
on the atom s of the heteroconjugated system the
molecular graph of which is G (i.e. in which the het-
eroatoms occupy the positions r and t).

rt
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Employing the Coulson-Longuet-Higgins integral
formula [10]

0,=<¢(G"—s,ix)/p(G", ix))
and using (1)—(3) one arrives at

Qs == Qsl =+ QsZ + Qs3 .5 Qs4’
where

Qsl o= hr <(llyrs)/Z> s

Qsl == hr hlz <(}yrs - t)/Z> 5

Qs3 A ht <(Alyts)/Z> )

Qs4= —hrz hr((yts_r)/z>’

(14)

and
Z={(G)—h, h(G—r—0)}*+ {h,(G—r)+h,(G—1)}>.

In the above formulae (y,,—t) and (y,—r) are short-
hand notations for the propagators (y,,) and (y,,) of the
graphs G—t and G —r, respectively:

(=0 =(G—r—1) (G—5=0—(G~1) (G—r—s—1),
(ys—1=(G—t—=r)(G—=5s—1)—(G—1) (G—t—s5—T).

We first point out the fact that in the limit when h,
and h, tend to zero, the integral {(y,,)/Z) becomes
equal to the atom-atom polarizability =,,,

s =<(:s)(G)*> .

This latter formula (without using the propagator
concept) was already reported as (2) of [3].

Whence we see that the first-order perturbation for-
mula

Qs= —hr 7."'rs_ht 7.Ets

is obtained by neglecting h, and h, in Z and by neglect-
ing Q,, and Q,, in (14).

From (14) is evident how the charge on the atom s
is induced by the heteroatoms in positions r and t. The
terms Q,, and Q,; describe the direct influence of the
two heteroatoms; they are roughly proportional to
the respective atom-atom polarizabilities. On the
other hand Q, and Q, correspond to the collective
effects of the two heteroatoms. It is remarkable that
the signs of the two collective-effect terms fully coin-
cide with the signs of the two individual-effect terms.
This means that in formula (14) the collective effect of
the two heteroatoms is separated in two parts: one
(Q,,) acting in the same direction as the first het-
eroatom (r), the other (Q,,) enhancing the effect of the
second heteroatom (z).
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A more detailed analysis of (14) reveals the follow-
ing general regularities:

Rule 3. (a) If h, and h, have equal signs and the dis-
tance between the heteroatoms is even, then

sign ;= —(—1)?"9sign h,= —(—1)**9 sign h,.

The same sign rule holds also if h, and h, have different
signs and the distance between the heteroatoms is
odd.

(b) If h, and h, have equal signs and the distance
between the heteroatoms is odd, or if h, and h, have
different signs and the distance between the het-
eroatoms is even, then the heteroatoms induce oppo-
site m-electron charges on the atom s and the sign of
the resulting charge depends on the numerical values
of the parameters h, and h,, on the structure of the
molecular graph G and on the position of the vertex s
in G. In other words, the sign of the n-electron charge
cannot be predicted by simple topological rules.

[1] Part I: I. Gutman and S. Bosanac, Chem. Phys. Letters
43, 371 (1976).

[2] Part II: I Gutman, Theor. Chim. Acta 50, 287 (1979).

[3] Part III: I. Gutman, Z. Naturforsch. 36a, 1112 (1981).

[4] Part IV: I. Gutman, Bull. Soc. Chim. Beograd 49, 157
(1984).

[5] Part V: I. Gutman, Z. Naturforsch. 39a, 152 (1984).

[6] R. E. Merrifield and H. E. Simmons, Topological Meth-
ods in Chemistry, Wiley, New York 1989.

[7] C. A. Coulson, B. O’Leary and R. B. Mallion, Hiickel
Theory for Organic Chemists, Academic Press, London
1978.

[8] R.B Mallion, N. Trinajsti¢ and A. J. Schwenk, Z. Natur-
forsch. 29a, 1481 (1974).

[9] C. D. Godsil and I. Gutman, J. Graph. Theory 5, 137
(1981).

Topological Studies on Heteroconjugated Molecules

1089

Concluding Remarks

The study of topological properties of alternant
conjugated molecules with two heteroatoms (as well
as with one heteroatom [3]) revealed the important
role which graph propagators play (or should play) in
chemical graph theory. By means of graph propaga-
tors we were able to simplify various perplexed topo-
logical expressions and to extract from them certain
general rules.

Graph propagators deserve more attention from
theoretical chemists and one might hope that their
study will yield many more novel results.
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